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1. INTRODUCTION 
Let C, denote the class of functions of the form 
k=O 
(a--p # 0, P E N = {1,2,. . . }), 0.1) 
which are regular in the punctured disc D = {z : 0 < IzI < 1). For any integer n, we define the 
multiplier transformations Pf of functions f E C, by 
00 
Pf(z) = 2 + c(p + k)-%k-lz”-‘. 
k=l 
(1.2) 
Obviously, we have 
I”(Pf(z)) = I”+“f(z) (1.3) 
for all integers m and n. The operators I” are closely related to the multiplier transformations 
introduced by Flett [l]. Also, for any nonpositive integer n, the operators In are the differential 
operators studied by Uralegaddi and Somanatha [2,3]. 
For any integer n, let &,(cY) denotes the class of functions f E & satisfying the condition 
& I”-lf(4 
{ I”f (z) 
-(p+l) <--a 
> 
(1.4) 
for some a(0 5 CY < p) and z E U = {z : 1.~1 < 1). 
In this paper, we prove that for the classes &,(a) of functions in CP, En,,(a) c Cn+l,p(~) 
holds. Since &,(LY) equals C;(o) (the class of meromorphically pvalent starlike functions of 
order CY), all functions in C,_(Q) are pvalent for nonpositive integers n. We also obtain a 
sufficient condition for univalence and extend a result of Bajpai [4]. 
86 N. E. CHO AND s. OWA 
2. PROPERTIES OF THE CLASS -&(a) 
In proving our main results (Theorem 1 and Theorem 2 below), we need the following lemma 
due to Jack [5]. 
LEMMA. Let w be non-constant regular in U = {z : (zJ < l}, w(0) = 0. If ]‘wJ attains its 
maximum due on the circle IzI = T < 1 at ze, we have zew’(za) = kw(z~) where k is a real 
number, k 2 1. 
THEOREM 1. Cn,p(cu) c '&+l,p(~) for 8ny integer n. 
PROOF. Let f E ‘&(a). Then 
& I”-lf(4 
{ I"f (2) 
- (p+ 1) 
1 
< --(Y. 
We have to show that (2.1) implies the inequality 
Re { 
Inf (z) 
In+1 f (%) 
- (p-tl) -a. 
> 
We suppose that there exists a regular function w in U = {z : IzI < 1) defined by 
I”f b> 
I*+lf (2) 
_p+ 1= _p+ Pa -P>Wb) 
1+ w(z) 
(w(z) # -1). 
Clearly w satisfies w(0) = 0. The equation (2.3) may be written as 
I”f b> 1+ (2p + 1 - 2cr)w(z) 
I”+‘f(r) = 1+w(z) . 
Differentiating (2.4) logarithmically and using the identity 
z(I”f (E))’ = P--l f (z) - (p + l)I”f(z), 
we obtain 
I”-if(z) 
InfCz) -(p+l)=-p+~~--~)w(z)+ 
2(p - rX)zw’(z) 
(1+ (2p+ 1 - 2a)w(z))(l+ W(Z))’ 
We claim that ]w(z)] < 1 in U. For otherwise, by Lemma there exists zo in U such that 
zow’(zo) = Icur( 
Where ]w(ze)] = 1 and k 2 1. The equation (2.6) in conjunction with (2.7) yields 
Thus 
2(p - a)kw(zo) 
(1+ (2P + 1 - 2aMzo))(l+ w(z0)). 
r-a+ p-a >---a, 
2(p+l- (Y) - 
(2-l) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
(2.6) 
(2.7) 
P-8) 
W) 
which contradicts (2.1). Hence ]w(z)] < 1 in U and from (2.3) it follows that f E Cn+l,p(a). 
Taking p - 1 in Theorem 1, we have the following 
COROLLARY 1. ~,+(a) C ~n+l,l(a) for any integer n. 
REMARK. For nonpositive integer n, Corollary 1 is a similar result of Uralegaddi and Soma- 
natha [3]. 
Starlike Functions 
Putting n = 0 and Q = 0 in Theorem 1, we obtain the following corollary. 
COROLLARY 2. If f E xi(a) the integral operator defined by 
q-4 = -& sz t”f(t) dt 
0 
belongs to the class C;(a). 
REMARK. For p = 1, a-1 = 1 and LY = 0, Corollary 2 is a result obtained by Bajpai [4]. 
Next we prove the following theorem. 
THEOREM 2. Let f E C, and for any integer n, satisfy the inequality 
& I"-lf(4 1 I"f (z) - (P + 1) 1 < ;;;;)I;) (z E U). 
(2.10) 
(2.11) 
Then f E Cn+l,p(4. 
PROOF. It is similar to that of Theorem 1. 
Putting p = 1, a-1, n = 0 and (Y = 0 in the statement of Theorem 2, we have the following 
corollary. 
COROLLARY 3. If f E Cl and satisfies the condition 
(2.12) 
then F defined by (2.10) is meromorphically starlike. 
REMARK. Corollary 2 is stronger than and extends the above-mentioned result by Bajpai [4]. 
Taking n = -1 and (Y = 0 in Theorem 2, we have the following. 
COROLLARY 4. If f E &, and satisfies 
Re 
{ 
z2f"(4 + (P + 2)Zf'(Z) 
zf'(z) + (p+ l)f(z) 1 < f (z E n (2.13) 
then f is a meromorphically p-valent starlike, 
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